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Ordered Alphabet and Lexicographic Order

/ 282

Ordered alphabet:  Σ = a,b,c

a < b < c

Lexicographic Order

𝑈 <𝑙𝑒𝑥 𝑆 <𝑙𝑒𝑥 𝑇

<𝑙𝑒𝑥

𝑆 = abbaaaacab

𝑇 = abbaabb

= <= =

𝑈 = abb

= = =
= =



Lyndon Words
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A word 𝑆 is a Lyndon word iff 𝑆 <𝑙𝑒𝑥 𝑈, 
for any proper non-empty suffix 𝑈 of 𝑆. 

Definition: Lyndon Words

aababaacb

ababaacb

babaacb

abaacb

baacb

aacb

acb

cb

b

Σ = a,b,c

a < b < c



Lyndon Words
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A word 𝑆 is a Lyndon word iff 𝑆 <𝑙𝑒𝑥 𝑈, 
for any proper non-empty suffix 𝑈 of 𝑆. 

Definition: Lyndon Words

aababaacb

ababaacb

babaacb

abaacb

baacb

aacb

acb

cb

b

Σ = a,b,c

a < b < c

aababaacb

ababaacb

babaacb

abaacb

baacb

aacb

acb

cb

b

Sort



Infinite Repetition
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Let 𝑆𝜔 be the infinite repetition of a word 𝑆

𝑆 = aababaacb

𝑆𝜔 = aababaacbaababaacbaababaacb…

Lexicographic Order on Infinite Repetition ≺𝑙𝑒𝑥

𝑆 = abbaaaacab

𝑇 = abbaabb

𝑈 <𝑙𝑒𝑥 𝑆 <𝑙𝑒𝑥 𝑇

= <= =

𝑈 = abb

= =

𝑆𝜔 = abbaaaacaba…

𝑇𝜔 = abbaabbabba…

𝑆 ≺𝑙𝑒𝑥 𝑇 ≺𝑙𝑒𝑥 𝑈

= <= =

𝑈𝜔 = abbabbabba…

= = = == <
= == =

𝑋 ≺𝑙𝑒𝑥 𝑌 ⟺ 𝑋𝜔 <𝑙𝑒𝑥 𝑌𝜔 



Lyndon Words

/ 286

A word 𝑆 is a Lyndon word iff 𝑆 <𝑙𝑒𝑥 𝑈, for any proper non-empty suffix 𝑈 of 𝑆 

Definition: Lyndon Words

A word 𝑆 is a Lyndon word iff 𝑆 ≺𝑙𝑒𝑥 𝑈, for any proper non-empty suffix 𝑈 of 𝑆 

Proposition

aababaacb

ababaacb

babaacb

abaacb

baacb

aacb

acb

cb

b

aababaacb…

ababaacba…

babaacbba…

abaacbaba…

baacbbaac…

aacbaacba…

acbacbacb…

cbcbcbcbc…

bbbbbbbbb…



Alternating Order
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Given two words 𝑆 and 𝑇 such that 𝑆𝜔 ≠ 𝑇𝜔, with the first mismatching 
position 𝑗 (𝑆𝜔 1. . 𝑗 − 1 = 𝑇𝜔 1. . 𝑗 − 1  and 𝑆𝜔 𝑗 ≠ 𝑇𝜔 𝑗 ).
Then, we denote 𝑆 ≺𝑎𝑙𝑡 𝑇 if either 
(a)  𝑗 is odd and 𝑆𝜔 𝑗 < 𝑇𝜔 𝑗 , or
(b)  𝑗 is even and 𝑆𝜔 𝑗 > 𝑇𝜔 𝑗 .

Definition: Alternating Order ≺𝒂𝒍𝒕

Σ = a,b,c

a < b < c

𝑆𝜔 = abbaaaacaba…

𝑇𝜔 = abbaabbabba…

𝑆 ≺𝑙𝑒𝑥 𝑇 ≺𝑙𝑒𝑥 𝑈

= <= =

𝑈𝜔 = abbabbabbab…

= = = = <
= = 𝑆𝜔 = abbaaaacaba…

𝑇𝜔 = abbaabbabba…

𝑇 ≺𝑎𝑙𝑡 𝑆 ≺𝑎𝑙𝑡 𝑈

= <= =

𝑈𝜔 = abbabbabbab…

= = = = <
= =

1 2 3 4 5 6



Galois Words [Reutenauer, 2005]
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A word 𝑆 is a Galois word iff 𝑆 ≺𝑎𝑙𝑡 𝑈, 
for any proper non-empty suffix 𝑈 of 𝑆. 

Definition: Galois Words
Σ = a,b,c

a < b < c

aababaacb…

ababaacba…

babaacbba…

abaacbaba…

baacbbaac…

aacbaacba…

acbacbacb…

cbcbcbcbc…

bbbbbbbbb…

ababccaba…
babccabab…
abccabaab…
bccababcc…
ccabaccab…
cabacabac…
abaabaaba…
babababab…
aaaaaaaaa…

ababccaba…

babccabab…

abccabaab…

bccababcc…

ccabaccab…
cabacabac…

abaabaaba…

babababab…

aaaaaaaaa…

Lyndon word

Sort by
≺𝑎𝑙𝑡



Our Results

/ 289

Task Time Complexity Working Space

Determining 
Galois word

𝑂 𝑛 𝑂 1

Computing
Galois Factorization

𝑂 𝑛 𝑂 1

Computing 
Galois Rotation

𝑂 𝑛 𝑂 1

We propose an online algorithm for the following task

We do not include input and output space in the working space

Based on Duval’s algorithm (1983) on Lyndon words



Our Results
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Task Time Complexity Working Space

Determining 
Galois word

𝑂 𝑛 𝑂 1

Computing
Galois Factorization

𝑂 𝑛 𝑂 1

Computing 
Galois Rotation

𝑂 𝑛 𝑂 1

We propose an online algorithm for the following task

We do not include input and output space in the working space



Determining Galois Word
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Input: A non-empty word 𝑇
Output: True if 𝑇 is a Galois word or False if 𝑇 is not a Galois word

Definition: Determining Galois Word

Our algorithm checks whether prefixes of 𝑇 are pre-Galois incrementally  

𝑇

…

is pre-Galois?

Output False
no

yes Check next prefix

…

Output True if Galois



Pre-Galois Words

/ 2812

A word 𝑇 is a pre-Galois word if every proper suffix 𝑆 of 𝑇 satisfies one or 
both of the following conditions:
(a)  𝑆 is a prefix of 𝑇;
(b)  𝑆 ≻𝑎𝑙𝑡 𝑇.

Definition: Pre-Galois Words

ababccaba
A Galois word is a pre-Galois word

abaabaab

Let 𝑇 be a pre-Galois word, any non- empty suffix of 𝑇 is pre-Galois.
Let 𝑆 be a word that not pre-Galois, any extension 𝑆𝑈 of 𝑆 is not pre-Galois.

Lemma

Not Galois word but a pre-Galois word



Periods of Pre-Galois Words
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Let 𝑇 be a pre-Galois word that has an odd period.
Then 𝑇[1. . 𝑝𝑜] is a Galois word, where 𝑝𝑜 is a shortest odd period of 𝑇.

Lemma: Odd Period of Pre-Galois Words

Let 𝑇 be a pre-Galois word that has an odd period.
Then 𝑇[1. . 𝑝𝑒] is a Galois word if primitive, 
where 𝑝𝑒 is a shortest even period of 𝑇.

Lemma: Even Period of Pre-Galois Words

abaabaababaa

𝑝𝑜 = 3

𝑝𝑒 = 4

abab

𝑝𝑒 = 2 𝑝𝑒 = 6

𝑝𝑜 = 3

abaab

𝑝𝑜 = 3
No odd period

No even period



Check pre-Galois Incrementally
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Let 𝑇 be a pre-Galois word, 𝑝𝑜 be the shortest odd period of 𝑇 (if exists), 
and 𝑝𝑒 be the shortest even period of 𝑇 (if exists). 
Given a symbol 𝑧, the extension 𝑇′ = 𝑇 ⋅ 𝑧 is a pre-Galois word if and only if    
both conditions 
(1)  𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1 ≼𝑎𝑙𝑡 𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] and 
(2)  𝑇′ 1. . 𝑇 − 𝑝𝑒 + 1 ≼𝑎𝑙𝑡 𝑇′[𝑝𝑒 + 1. . 𝑇 + 1] hold.

Lemma: Pre-Galois Word 

𝑇

𝑇′ 𝑧

pre-Galois

Consider the shortest odd period 𝑝𝑜

𝑝𝑜
𝑧

𝑐

𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] 

𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1
𝑝𝑜

Since we have 𝑇′ 1. . 𝑇 − 𝑝𝑜 = 𝑇′[𝑝𝑜 + 1. . 𝑇 ] 

Then (1) holds iff

𝑐 ≤ 𝑧𝑇 − 𝑝𝑜 + 1 is odd  and

or

𝑐 ≥ 𝑧𝑇 − 𝑝𝑜 + 1 is even and



Updating 𝑝𝑜 (and 𝑝𝑒)

/ 2815

Let 𝑇 be a pre-Galois word and 𝑝𝑜 be the shortest odd period of 𝑇 (if exists). 
Consider a symbol 𝑧 and 𝑇′ = 𝑇 ⋅ 𝑧, such that 𝑧 = 𝑇′ 𝑇 − 𝑝𝑜 + 1 . 
Then 𝑝𝑜 is the shortest odd period of 𝑇′.

Lemma: Odd Period (Equal Case)

Let 𝑇 be a pre-Galois word and 𝑝𝑜 be the shortest odd period of 𝑇 (if exists). 
Consider a symbol 𝑧 and 𝑇′ = 𝑇 ⋅ 𝑧, such that 𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1 ≺𝑎𝑙𝑡

𝑇′[𝑝𝑜 + 1. . 𝑇 + 1]. Then 𝑇′  is the shortest odd period of 𝑇′ if 𝑇′  is odd. 
Otherwise 𝑇′ does not have an odd period.

Moreover, if 𝑇 does not have an odd period, 𝑇′  is the shortest odd period of  
𝑇′ = 𝑇 ⋅ 𝑧 for any symbol 𝑧.

Lemma: Odd Period (Not Equal Case)



Determining Galois Word
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Given a word 𝑇, we can verify whether 𝑇 is Galois in 𝑂( 𝑇 ) time with 𝑂 1  
working space.

Theorem: Determining Galois Word

Our algorithm checks whether prefixes of 𝑇 are pre-Galois incrementally,
while maintaining their shortest odd and even periods.   

𝑇

…

is pre-Galois?

Output False
no

yes Check next prefix

…

Output True if Galois

Can be solved in 𝑂 1

is 𝑇  the shortest 
period of 𝑇?



Our Results
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Task Time Complexity Working Space

Determining 
Galois word

𝑂 𝑛 𝑂 1

Computing
Galois Factorization

𝑂 𝑛 𝑂 1

Computing 
Galois Rotation

𝑂 𝑛 𝑂 1

We propose an online algorithm for the following task

We do not include input and output space in the working space



Galois Factorization
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A factorization 𝐺1 ⋅ 𝐺2 ⋯ 𝐺𝑘 = 𝑇 of a word 𝑇 is the Galois factorization 
of 𝑇 if 𝐺𝑖 is Galois for 1 ≤ 𝑖 ≤ 𝑘 and 𝐺1 ≽𝑎𝑙𝑡 𝐺2 ≽𝑎𝑙𝑡 ⋯ ≽𝑎𝑙𝑡 𝐺𝑘.

Definition: Galois Factorization [Reutenauer, 2005]

For any word 𝑇, there exists a unique Galois factorization of 𝑇.

Proposition: Uniqueness of Galois Factorization [Reutenauer, 2005] 

abacabaabacababacabaab𝑇 =

ab|acabaab|acababacabaab

Galois factorization of 𝑇

abac|ab|aabacababacab|aab

Lyndon factorization of 𝑇



Computing Galois Factorization
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Input: A non-empty word 𝑇
Output: 𝐺1, 𝐺2, … , 𝐺𝑘  such that 
  𝐺1 ⋅ 𝐺2 ⋯ 𝐺𝑘 = 𝑇 is the Galois factorization of 𝑇 

Definition: Computing Galois Factorization

𝑇

…

is pre-Galois?

Factorize
no

yes Check next prefix



Check pre-Galois Incrementally
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Let 𝑇 be a pre-Galois word, 𝑝𝑜 be the shortest odd period of 𝑇 (if exists), 
and 𝑝𝑒 be the shortest even period of 𝑇 (if exists). 
Given a symbol 𝑧, the extension 𝑇′ = 𝑇 ⋅ 𝑧 is a pre-Galois word if and only if    
both conditions 
(1)  𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1 ≼𝑎𝑙𝑡 𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] and 
(2)  𝑇′ 1. . 𝑇 − 𝑝𝑒 + 1 ≼𝑎𝑙𝑡 𝑇′[𝑝𝑒 + 1. . 𝑇 + 1] hold.

Lemma: Pre-Galois Word

𝑇

𝑇′ 𝑧

pre-Galois

Consider the shortest odd period 𝑝𝑜

𝑝𝑜
𝑧

𝑐

𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] 

𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1
𝑝𝑜

Since we have 𝑇′ 1. . 𝑇 − 𝑝𝑜 = 𝑇′[𝑝𝑜 + 1. . 𝑇 ] 

Then (1) holds iff

𝑐 ≤ 𝑧𝑇 − 𝑝𝑜 + 1 is odd  and

or

𝑐 ≥ 𝑧𝑇 − 𝑝𝑜 + 1 is even and



Properties of Galois Factorization
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Let 𝐺1 ⋅ 𝐺2 ⋯ 𝐺𝑘 = 𝑇 be the Galois factorization of a word 𝑇 of length 𝑛.
Let 𝑃 be shortest non-empty prefix of 𝑇 such that
𝑃 ≽𝑎𝑙𝑡 𝑇 if 𝑃  is even and 𝑃 ≼𝑎𝑙𝑡 𝑇 if 𝑃  is odd. 
Then we have

                                      𝑃 = ቊ
𝐺1

2 
𝐺1 

where 𝑚 is the multiplicity of 𝐺1, i.e., 𝐺𝑖 = 𝐺1 for 𝑖 ≤ 𝑚, but 𝐺𝑚+1 ≠ 𝐺1.

Lemma:  First Factor of Galois Factorization [Dolce, et al. 2019]

if 𝐺1 is odd, 𝑚 is even, and 𝑚 < 𝑘,

otherwise,

𝑇′ 𝑧

𝑝𝑜
𝑧

𝑐

𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] 

𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1
𝑝𝑜

𝑇 pre-Galois

Consider the shortest odd period 𝑝𝑜 and let 𝑃𝑜 = 𝑇 1. . 𝑝𝑜

𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1 ≻𝑎𝑙𝑡 𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] 

𝑃𝑜 ⋅ 𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1 ≺𝑎𝑙𝑡 𝑃𝑜 ⋅ 𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] 

𝑃𝑜 ≺𝑎𝑙𝑡 𝑇 



Properties of Galois Factorization
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Let 𝐺1 ⋅ 𝐺2 ⋯ 𝐺𝑘 = 𝑇 be the Galois factorization of a word 𝑇 of length 𝑛.
Let 𝑃 be shortest non-empty prefix of 𝑇 such that
𝑃 ≽𝑎𝑙𝑡 𝑇 if 𝑃  is even and 𝑃 ≼𝑎𝑙𝑡 𝑇 if 𝑃  is odd. 
Then we have

                                      𝑃 = ቊ
𝐺1

2 
𝐺1 

where 𝑚 is the multiplicity of 𝐺1, i.e., 𝐺𝑖 = 𝐺1 for 𝑖 ≤ 𝑚, but 𝐺𝑚+1 ≠ 𝐺1.

if 𝐺1 is odd, 𝑚 is even, and 𝑚 < 𝑘,

otherwise,

𝑇′ 𝑧

𝑝𝑒
𝑧

𝑐

𝑇′[𝑝𝑒 + 1. . 𝑇 + 1] 

𝑇′ 1. . 𝑇 − 𝑝𝑒 + 1
𝑝𝑒

𝑇 pre-Galois

Consider the shortest even period 𝑝𝑒 and let 𝑃𝑒 = 𝑇 1. . 𝑝𝑒

𝑇′ 1. . 𝑇 − 𝑝𝑒 + 1 ≻𝑎𝑙𝑡 𝑇′[𝑝𝑒 + 1. . 𝑇 + 1] 

𝑃𝑒 ⋅ 𝑇′ 1. . 𝑇 − 𝑝𝑒 + 1 ≻𝑎𝑙𝑡 𝑃𝑒 ⋅ 𝑇′[𝑝𝑒 + 1. . 𝑇 + 1] 

𝑃𝑒 ≻𝑎𝑙𝑡 𝑇 

abaabaab
𝑝𝑒 = 6

𝑝𝑜 = 3

Lemma:  First Factor of Galois Factorization [Dolce, et al. 2019]



Factorizing prefixes
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𝑇′ 𝑧

𝑝𝑒

𝑧

𝑐

𝑇′[𝑝𝑒 + 1. . 𝑇 + 1] 

𝑇′ 1. . 𝑇 − 𝑝𝑒 + 1

𝑇

Consider the shortest even period 𝑝𝑒 and let 𝑃 = 𝑃𝑒 = 𝑇 1. . 𝑝𝑒

𝑇′ 1. . 𝑇 − 𝑝𝑒 + 1 ≻𝑎𝑙𝑡 𝑇′[𝑝𝑒 + 1. . 𝑇 + 1] 

𝑧𝑃𝑒

Factorize the rest?

𝑧

𝑐

𝑇′[2𝑝𝑒 + 1. . 𝑇 + 1] 

𝑇′ 1 + 𝑝𝑒. . 𝑇 − 𝑝𝑒 + 1

𝑇′ 1 + 𝑝𝑒 . . 𝑇 − 𝑝𝑒 + 1 ≻𝑎𝑙𝑡 𝑇′[2𝑝𝑒 + 1. . 𝑇 + 1] 

𝑧𝑃𝑒 𝑃𝑒 𝑃𝑒

Factorize the rest

⟹



Factorizing prefixes
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𝑇′ 𝑧

𝑝𝑜

𝑇

Consider the shortest odd period 𝑝𝑜 and let 𝑃 = 𝑃𝑜 = 𝑇 1. . 𝑝𝑜

⟹
𝑇′ 1 + 𝑝𝑜. . 𝑇 − 𝑝𝑜 + 1 ≺𝑎𝑙𝑡 𝑇′[2𝑝𝑜 + 1. . 𝑇 + 1] 

𝑧𝑃𝑜

𝑧𝑃𝑜

𝑧

𝑐

𝑇′[2𝑝𝑜 + 1. . 𝑇 + 1] 

𝑇′ 1 + 𝑝𝑜. . 𝑇 − 𝑝𝑜 + 1

𝑇′ 1. . 𝑇 − 𝑝𝑜 + 1 ≻𝑎𝑙𝑡 𝑇′[𝑝𝑜 + 1. . 𝑇 + 1] 

If 𝑇 ≥ 3𝑝𝑜, 𝑝𝑒 = 2𝑝𝑜

Lemma

⟹

𝑇′ 1 + 𝑝𝑜. . 𝑇 − 2𝑝𝑜 + 1 ≻𝑎𝑙𝑡 𝑇′[3𝑝𝑜 + 1. . 𝑇 + 1] 

𝑧𝑃𝑜

𝑧

𝑐

𝑇′[3𝑝𝑜 + 1. . 𝑇 + 1] 

𝑇′ 1 + 𝑝𝑜. . 𝑇 − 2𝑝𝑜 + 1

𝑃𝑜 𝑃𝑜 𝑃𝑜 𝑃𝑜

2𝑝𝑜 = 𝑝𝑒



Computing Galois Factorization
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Given a word 𝑇, we can compute the Galois factorization of 𝑇 in 𝑂( 𝑇 ) time 
with 𝑂 1  working space.

Theorem: Computing Galois Factorization

Input: A non-empty word 𝑇
Output: 𝐺1, 𝐺2, … , 𝐺𝑘  such that 
  𝐺1 ⋅ 𝐺2 ⋯ 𝐺𝑘 = 𝑇 is the Galois factorization of 𝑇 

Definition: Computing Galois Factorization



Our Results
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Task Time Complexity Working Space

Determining 
Galois word

𝑂 𝑛 𝑂 1

Computing
Galois Factorization

𝑂 𝑛 𝑂 1

Computing 
Galois Rotation

𝑂 𝑛 𝑂 1

We propose an online algorithm for the following task

We do not include input and output space in the working space



Computing Galois Rotation
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Let 𝑇 be a primitive word. A rotation 𝑅 = 𝑉𝑈 is the Galois rotation of
𝑇 = 𝑈𝑉 if 𝑅 is a Galois word.

Definition: Galois Rotation

Given a word 𝑇, we can compute the Galois rotation of 𝑇 in 𝑂( 𝑇 ) time 
with 𝑂 1  working space.

Theorem: Computing Galois Factorization

𝑇𝑇𝑇

The algorithm performs Galois factorization on 𝑇𝑇𝑇

𝐺1 𝐺2 𝐺4𝐺3 𝐺5

There exists a Galois factor of length at least 𝑇 , 
whose prefix of length 𝑇  is also a Galois word

𝑇 = bca|abca
𝑇𝑇 = bc|a|abc|abca|abca

𝑇𝑇𝑇 = bc|a|abc|abcaabc|abca|abca



Conclusion
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Task Time Complexity Working Space

Determining 
Galois word

𝑂 𝑛 𝑂 1

Computing
Galois Factorization

𝑂 𝑛 𝑂 1

Computing 
Galois Rotation

𝑂 𝑛 𝑂 1

We propose an online algorithm for the following task

Future Work

• Enumeration of Galois words
• Algorithms for general Lyndon words
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